The relationship between the optimal asset allocation and the functional form of power utility is investigated for defined-contribution (DC) pension plans. The horizon dependence of optimal pension portfolios is determined by the argument of the power utility function. The optimal composition of pension portfolios is horizon independent when terminal utility is a power function of wealth-to-wage ratio, and deterministically horizon dependent when terminal utility is a function of terminal wealth or replacement ratio (the pension-to-final wage ratio). The optimal portfolios all contain a speculative component to satisfy the risk appetite of DC plan members, which is dominated by bonds under usual market assumptions. The optimal compositions of financial wealth on hand (the sum of pension portfolio and the short-sold wage replicating portfolio) are stochastically horizon dependent when wages are fully hedgeable and stochastic. The optimal pension portfolios also have a preference free component to hedge wage risk, when terminal utility is a function of wealth-to-wage ratio or replacement ratio. A state variable dependent component in optimal pension portfolios exists when terminal utility is a function of terminal wealth or replacement ratio, but it disappears when terminal utility is a function of terminal wealth-to-wage ratio and the risk premium is constant.
, defined on a complete probability space (Ω, F, P) where P is the real world probability. The filtration F = F (t) [ ] 0, t T ∀ ∈ generated by the Brownian motions can be interpreted as the information set available to the investor at time t.
The instantaneous risk-free rate of interest r(t) follows an Ornstein-Uhlenbeck process (Vasicek model) ( ) 
In Equation (1), α and β are strictly positive constants, and σ r is the volatility of interest rate. The stochastic element Z r (t) causes the process to fluctuate in an erratic, but continuous fashion [11] .
When the interest rate process is described by Equation (1), the price of zero-coupon bonds for any date of maturity τ at time t, B (t, τ, r) , is governed by the diffusion equation [7] [8] [11] ( ) ( ) ( The riskless asset has a price process governed by
R t R t r t t R R
The riskless asset can be considered as a cash fund paying the instantaneous interest rate r(t) without any default risk. The value of the cash fund at t is then ( ) ( ) ( )
There are zero-coupon bonds for any date of maturity, and a bond rolling over zero coupon bonds with constant maturity K. The price of the zero coupon bond with constant maturity K is denoted by B K (t, r) with ( ) ( ) ( ) ( ) The relationship between B(t, τ, r) and B K (t, r) through the riskless cash asset R(t) [7] is ( ) 
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The above equation shows that the "rolling bond" can be obtained by a portfolio of one zero coupon bond and the cash asset, and that other bonds can also be obtained through a portfolio of the riskless asset and the "rolling bond".
The stock has a process of the total return governed by stochastic differential equation (SDE) 
S t S t r t t v Z t Z t S S
where
is the instantaneous percentage change in stock price per unit time. The volatility scaling factor v rS measures how interest rate volatility affects stock volatility and m S is the risk premium, which is assumed to be constant. 
Wages
The plan member's wage, Y(t), evolves according to the SDE
where μ Y (t) is a deterministic function of time, age and other individual characteristics such as education and occupation. These assumptions on wage processes are similar to those by Battocchio and Menoncin [9] and Cairns et al. [10] . Here σ Y is a constant and Z Y (t) a standard Brownian motion, independent of Z r (t) and Z S (t). The volatility scaling factors, v rY and v SY, measure how interest rate volatility and stock volatility affect wage volatility, respectively. The parameter σ Y is a non-hedgeable volatility whose risk source does not belong to the set of the financial market risk sources. When σ Y = 0, the market is complete. Otherwise the market is incomplete.
The Optimization Problem and Hamilton-Jacobi-Bellman Equation

Terminal Utility Is a Function of Terminal Wealth
The value of the plan member's pension wealth at time t is denoted by W(t), and the proportions of fund wealth invested in the riskless asset, bonds and stock are denoted as θ R (t), θ B (t) and θ S (t) respectively,
The SDE governing the pension wealth process is
where π is the proportion of wage contributed to the pension plan and Y(t) is the wage income at period t,
The stochastic optimal control problem can be written as follows:
The solution to this problem should give us the optimal portfolio composition. The Hamiltonian corresponding to the optimization problem (11) 
In the above equation ( ) , , J t W w is the value function (maximum expected terminal utility) and subscripts on J indicate partial derivatives. Differentiating Equation (12) 
Terminal Utility Is a Function of Terminal Wealth-to-Wage Ratio
Applying Itô's lemma, we get the SDE governing the wealth-to-wage ratio
By substituting the value of W, Y, dW and dY, the SDE governing this pension wealth-to-wage ratio process is: 
The optimal asset allocation problem is to find the strategy θ that maximizes the expected terminal utility of a plan member,
where, 0 0
The Hamiltonian corresponding to the optimization problem (18) is
Differentiating Equation (20) with respect to θ gives the first-order condition
The optimal portfolio composition is
The three terms on the right hand side of Equation (22) can be designated as 0 θ * , 1 θ * and 2 θ * respectively, and the additional term 0 θ * compared with Equation (14) is a preference-free hedging component to hedge wage risk. The three terms on the right-hand-side of Equation (22) correspond to the optimal asset allocation strategy with three mutual funds labeled as "cash", "bond" and "equity" in Cairns et al. [10] .
Terminal Utility Is a Function of Replacement Ratio
Applying Ito's formula to current replacement ratio ( ) (
P t X t G t Y t a t r t = =
where P(t) is the pension income if annuitizing the pension wealth now and ( ) ( ) , a t r t the annuity rate, gives the SDE governing the replacement ratio
t r a t r X a t r a t r a t r a t r a t r
The process governing ( ) ( ) , a t r t uses the expression by Cairns et al. [10] , 
a t r , the SDE governing the replacement ratio process is:
The stochastic optimal control problem is 
The Hamiltonian is similar to the wealth-to-wage ratio case and the optimal portfolio composition is ( ) ( ) ( )
We can summarize the results in subsections 3. 
Optimal Asset Allocation Strategy for Power Terminal Utility
Since when there is non-hedgeable wage risk, the optimal portfolio problem for power utility has no analytical solution, the present study will only look at the scenario where wages can be fully hedged. When wage income is fully hedgeable ( ) 
which implies that 
Here ξ r is a measure of how interest/bond volatility will affect wage, and ξ S is a scale factor measuring how stock price volatility affects wages. The market value at time t for future contributions to the pension plan payable between t and T is then
The pension plan can have an additional wealth of composition of the replicating portfolio can be written in vector form
In the above equation, the superscript R indicates replicating portfolio.
Terminal Utility Is a Power Function of Terminal Wealth
Since future contributions have been added to enhance the current pension wealth, the Hamiltonian Equation (12) becomes ( ) (
I start with a trial solution by assuming that the value function has the form
Substituting the partial derivatives of the value function and the optimal proportion composition of pension fund investment θ * , Equation (14), and simplifying (see Appendix A for detailed derivation), the Equation (12) 
By the Feynman-Kac formula [12] [13], there exists a probability measure Q(γ) such that (
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where ( ) w s  is governed by the SDE ( ) 
In Equation (37), F t is the filtration, which can be interpreted as the information available to the investor at time t. The optimal composition is ( ) 
The first term of the optimal composition in the above equation is ( 
When the terminal utility is a function of terminal wealth, the optimal composition of financial wealth is 
In the above equations, 
Terminal Utility Is a Power Function of Wealth-to-Wage Ratio
When the terminal utility is a power function of wealth-to-wage ratio, Equation (20) becomes
Substituting the partial derivatives of the value function ( ) ( ) 
Terminal Utility Is a Power Function of Replacement Ratio
When the terminal utility is a power function of replacement ratio, substituting the partial derivatives of the value function ( ) ( ) 
Since only u 2 explicitly depends on the state variables,
It is necessary to find out the modified process of r for computing integral in the third term in Equation (49) in the same way as in Section 4.1 when terminal utility is a power function of terminal wealth. The optimal proportions of pension wealth invested in bonds and equities are ( ) 
The optimal composition of the financial wealth in hand is similarly the sum of ( ) ( ) ( )
portfolio of Equation (50) The state variables dependent hedging component corresponds to the "bond" fund in Cairns et al. [10] and they conclude that "bond" fund becomes zero when the pension plan is funding for a cash lump sum. As shown in the present study, it is when funding for wealth-to-wage ratio "bond" fund becomes zero, whereas when funding for a cash lump sum "bond" fund does not become zero.
Cairns et al. [10] conclude that the "equity" fund is dominated by equities, but they have not proved it because they do not separate equities from bonds explicitly. In the present study, bonds and equities are explicitly separated; the "equity" term of Equations (39), (45) and (50) contains a substantial investment in bonds. To investigate which asset is more dominant in the "equity" fund, the proportions of bonds and equities in the "equity" fund are calculated for different values of relative risk aversion with the parameters in Table 1 , which are commonly assumed in pension and finance studies [7] - [10] . The numerical results indicate that the speculative component or "equity" fund is actually dominated by bonds for all the three functional forms of power utility (Figure 1) .
The relationship between optimal asset proportions (which is static) and the relative risk aversion coefficient Figure 1 . The relationship between relative risk aversion coefficient γ and the optimal proportions of bond and stock in "equity fund" for pension portfolio when terminal utility is a function of wealth, wealth-to-wage ratio or replacement ratio respectively. The asset ratio range is cut off at −3 and 3 in order to show details of asset proportions when 1 γ < . Results for tnterest volatility scaling factor for stock is shown in Figure 2(A) for the wealth-to-wage ratio case, also calculated with parameters in Table 1 . It is easy to see from Figure 2 (A) that an individual will stop short-selling cash for buying stock only when her relative risk aversion is high. The absolute value of the replicating portfolio decreases as t increases (i.e. the retirement date approaches), whereas W(t) is generally increasing in t. Because the optimal composition of the augmented pension wealth is different from the composition of the replicating portfolio, the change in their relative sizes will affect the optimal composition of their sum, the financial wealth. Therefore, although neither the optimal composition of augmented pension wealth nor the composition of the replicating portfolio is horizon dependent when the terminal utility is a function of terminal wealth-to-wage ratio, the optimal composition of the pension plan financial wealth is horizon-dependent. When the terminal utility is a function of lump cash sum or replacement ratio, the horizon dependence comes from both the pension portfolio per se and the change in the relative sizes between the pension portfolio and the wage replicating portfolio.
As illustrated in Figure 2 (B) where parameters in Table 1 and γ = 2 are used in the numerical simulation, the optimal proportions of the three assets are horizon dependent. The values of cash, bond and stock in the financial wealth and the total value of financial wealth (in terms of wealth-to-wage ratio) over the life of the pension plan are shown in Figure 2(C) .
The short-sold replicating portfolio is being paid off over time, so that the proportion of riskless asset in the financial wealth increases and the proportions of risky assets decrease. The optimal portfolio composition in terms of financial wealth is therefore stochastic lifestyling [10] . This is consistent with the results of Bodie et al. [14] and Campbell and Viceira [3] that the presence of (risky) labor incomes tilts the portfolios towards risky financial assets.
Figure 2. (A)
The relationship between the optimal composition of pension portfolio and the relative risk aversion coefficient when terminal utility is a power function of wealth-to-wage ratio; (B) The horizon-dependent profile of optimal proportions of cash, bond and stock in financial wealth for power utility over the life of the pension plan; (C) The values of cash, bond and stock in the financial wealth and the total value of financial wealth (in terms of wealth-to-wage ratio) over the life of the pension plan. For the simulation results shown in Figure 2 (B) and Figure 2(C) , parameters in Table 1 are used, the relative risk aversion coefficient γ = 2 and interest volatility scaling factor for stock 
Conclusions
In this paper the optimal portfolio problem under stochastic interest rate and wage income is solved for different functional forms of power utility, when there are three assets, cash, bonds and stock, in the financial market. Under the present model assumptions, the optimal portfolio (for an unspecified utility function) invests in both riskless and risky assets. The investment in risky assets contains three components when terminal utility is a power function of replacement ratio: a preference free hedging component, a speculative component, and a state variable dependent component. This result is consistent with that of Cairns et al. [10] . The three components are roughly corresponding to the "cash", "equity" and "bond" funds in Cairns et al. [10] . When terminal utility is a power function of terminal wealth-to-wage ratio, the state variable dependent component disappears; when terminal utility is a power function of terminal wealth, the preference-free component disappears. Closed form solution is derived for power terminal utility when there is no non-hedgeable wage risk. The state-variable dependent hedging component disappears when the expected terminal utility is a power function of wealth-to-wage ratio. The preference free hedging component and the speculative component contain both bonds and stocks, and even the speculative component ("equity" fund) can have a larger proportion of bonds, which is different from the conclusion of Cairns et al. [10] . Since both the preference free hedging component and the speculative component are horizon independent, the optimal pension asset allocation strategy of pension wealth per se is horizon independent. The positive correlation between stock returns and wage growth increases the optimal proportion invested in stocks. When the future contributions from wage incomes are hedged by short-selling a replicating portfolio, the optimal portfolio composition of pension plan financial wealth (augmented pension wealth + short-sold wage replicating portfolio) is horizon dependent.
To summarize, the optimal pension portfolio for the DC pension plans is horizon independent when terminal utility is a power function of pension wealth-to-wage ratio, and horizon dependent when terminal utility is a power function of terminal wealth or replacement ratio. The optimal portfolio composition of pension plan financial wealth is horizon dependent. The speculative component to satisfy the risk appetite of the plan members consists of both bonds and stocks.
